We calculate the most general terms for arbitrary Lagrangians of twisted chiral superfields in 2D (2,2) supersymmetric theories [1] . The scalar and fermion kinetic terms and interactions are given explicitly. We define a set of twisted superspace coordinates, which allows to obtain Lagrangian terms for generic Kähler potential and generic twisted superpotential; this is done in analogy to the corresponding chiral superfields calculations [2] . As examples we obtain the Lagrangian of a single twisted superfield, i.e. the Abelian-dual of the gauged linear sigma model (GLSM) of a single chiral superfield, and the Lagrangian for the non-Abelian SU(2) dual of the CP 1 GLSM model. Generic Lagrangians contain both twisted-chiral and chiral superfields, with distinct representations. We write down the kinetic terms for all bosons and fermions as well as their interactions for these generic cases. As twisted superfields play a central role for T-dualities and Mirror Symmetry in GLSMs, we expect the pedagogical exposition of this techniques to be useful in those studies.
Introduction
Twisted chiral representations of 2D Supersymmetry were discovered in the foundational work of Gates, Hull and Rocek [1] . They constitute representations which only appear in two dimensions, because in this case the supersymmetric covariant derivatives D + andD − anticommute. In particular twisted chiral superfields describe field strengths of vector superfields [3] and are obtained as T-duals to chiral superfields [4] . In theories where chiral and twisted-chiral representations are present, they are distinguished, otherwise they can be mapped to each other. The infrared limit of a 2D supersymmetric GLSM describe string theory compactified on target spaces, given by the supersymmetric vacua of the GLSM [5] . Moreover Mirror Symmetry can be obtained as T-duality [6] . For complete intersection Calabi-Yaus described by GLSMs Mirror Symmetry is realized as T-duality in the GLSM [6] [7] [8] . The mirror transformation exchanges chiral superfields with twisted chiral superfields [8, 9] . These representations of N = 2 2D supersymmetry and their differences with chiral superfield representations and also Lagrangians with both kinds of multiplets and the arising geometries were studied in [1] . In this work we introduce a calculational technique that serves to explore generic twisted chiral superfields Lagrangians; as well as Lagrangians with both twisted-chiral and chiral representations. We apply it to determine all the bosonic and fermionic kinetic terms and interactions of a generic action.
Dimensional reduction links N = 1 supersymmetry in 4D to (2, 2) supersymmetry in 2D [1, 5] allowing to use the familiar 4D formalism for the later. Inspired by the 4D calculations to obtain Lagrangians for the chiral and antichiral superfields in general Käehler geometry, developed by Wess and Bagger [2] , we perform computations for the Lagrangian of twisted (anti-)chiral representations. We adopt a new set of superspace coordinates, defining a vector of twisted Grassman coordinates. This set allows a redefinition of the space-time coordinates to new variablesX µ that are annihilated by covariant derivatives D + andD − . With those at hand we can write the more generic twisted (anti-)chiral superfields expansions. Then we can construct polynomials with generic powers of twisted (anti-)chiral fields; these will serve as building blocks for the twisted superpotential and the Kähler potential, which describe generic Lagrangians. We obtain all bosonic and fermionic contributions to the action including the auxiliary field terms. The goal of these notes is to compile a set of clear calculations that could serve for further studies. Our key interest are sigma model Lagrangians arising as non-Abelian T-duals of GLSMs with chiral superfields. In particular there have been great developments in supersymmetric localization for (2,2) GLSMs, where the partition function on the sphere S 2 of a given GLSM and its Abelian T-dual are matched [10] [11] [12] [13] [14] . Our techniques could serve to explore non-Abelian T-duals partition functions, whose Lagrangians depend on twisted chiral superfields. The work in 2D GLMs in terms of chiral superfields, giving Calabi-Yau target spaces is vast. In this scheme several dualities have been studied [15] [16] [17] [18] . Also there are relevant investigations in GLSMs with supersymmetric target spaces beyond complete intersection Calabi-Yaus [19] [20] [21] [22] [23] [24] [25] [26] .
The paper is organized as follows: In Section 2 we define a set of twisted superspace coordinates and we write the expansions of twisted chiral superfields. In Section 3 we obtain the general kinetic and interaction terms for Lagrangians depending on twisted chiral superfields, including boson and fermion contributions. In Section 4 we calculate an explicit example of Lagrangian, this is the building block of the Mirror Symmetry description on GLSMs developed by Hori and Vafa [8] ; we also apply the technique to write the Lagrangian for the SU(2) T-dual of the CP 1 GLSM model obtained in [27] . In Section 5 we calculate arbitrary supersymmetric Lagrangians, which Kähler potential depends on twisted-chiral and chiral superfields. In the last Section 6 we present our final comments. In Appendix A we give our notation and conventions. In Appendix B we collect all the terms with fermionic fields from the Lagrangian from Section 5.
A new set of coordinates and twisted chiral expansions
In this Section we define a set of twisted superspace coordinatesθ and a variable change for space-time coordinatesX m . We work with (2,2) supersymmetry in 2D employing the language of N = 1 supersymmetry in 4D. The new variables for the space-time coordinates aid in the derivation of twisted superfield expansions, because they satisfy the relationsD +X m = D −X m = 0. This allows to establish an analogy with the chiral superfields expansions. We write the expansions for the twisted chiral and anti-chiral superfields in those superspace coordinates. The main idea is to exploit the intuition of chiral superfields in global supersymmetry to twisted chiral superfields, employing the symmetry among those representations.
Let us write next the constraints for twisted chiral and twisted anti-chiral superfields. Twisted superfields satisfy:
and twisted anti-chiral superfields fullfil:
We search for space-time coordinates redefinitions, involving superspace coordinates, which satisfy the constraints on twisted (anti-)chiral superfields. This will allow to write expansions satisfying (1) and (2). Thus we define the holomorphic and anti-holomorphic coordinates that satisfy the constraints as follows:
Let us rewrite the Grassman superspace coordinates as:
They fulfill the set of relations
This implies that integrals on superspace can be expressed as
The advantage of the redefinition is that one can now rewrite the superspace redefined coordinates of (3) in the form:
Therefore, the most general combination that satisfies the twisted chiral superfield constraint can be written as
Now expanding in Taylor series of the Grassman coordinates around x µ we get the expression
Employing the properties of the Grassman coordinates, and the product of the Pauli matrices, the terms in previous equation can be written in a compact form as:
Similarly the twisted anti-chiral superfieldΨ can be written in terms of the redefined superspace coordinates as
Expanding the twisted anti-chiral superfieldΨ we have a similar expression to (18):
Let us discuss now standard terms in supersymmetric Lagrangians. For generic Lagrangians it will be necessary to compute products of twisted chiral superfields
which is also a twisted chiral superfield. Those terms could appear in the twisted superpotential.
We also compute products of twisted chiral and twisted anti-chiral superfieldsΨμ
3 This is obtained from
2θ2 A(x) and
This of course is not a twisted chiral or anti-chiral superfield. Those terms could appear in the Kähler potential. Let us now compute cubic powers of twisted superfields:
Note that previous results were computed in the X andX variables. Now let us write down the more general 2D (2,2) supersymmetric Lagrangian to order three in powers of the fields using only twisted chiral fields. It is given by:
The scalar coefficients are λ µ , m µν and g µνρ . The last two are symmetric in their indices. Substituting the respective contributions of the previous expressions (18) and (20) in (24), the Lagrangian becomes
This expression can be simplified into
It is interesting to compare this result to the Lagrangian obtained for chiral superfields in [2] , which is similar up to signs and the twisted components notation. One could integrate out the auxiliar fields G's in order to obtain just the dynamical variables. We leave this for next section, where the more general Kähler potential and twisted superpotential are studied.
Kähler Geometry
In this Section we construct the most general 2D (2,2) supersymmetric Lagrangian depending on twisted (anti-)chiral superfields. They are decomposed as series expansions in powers of the superfields. We include a generic Kähler potential and a generic twisted superpotential. The building blocks will be generic functions (Q)Q of twisted (anti-)chiral superfields, as in the approach of [2] . Let us consider n twisted chiral superfields Ψ µ , µ = 1...n with Lagrangian given by
K is a function that depends on n holomorphic and anti-holomorphic variables Ψ µ andΨ µ respectively. W is a holomorphic function (i.e. only is function of Ψ µ ). Let us expand K in terms of the twisted chiral fields
where k µ 1 ···µ i ν 1 ···ν j are the constants related to the Taylor expansion.
In a similar way we expand a generic function of twisted chiral superfields Q as
here p µ 1 ···µ i are the coefficients associated to the expansion. Q could represent the twisted superpotential W . First we expand Q and its complex conjugate explicitly around the scalar component ψ, in order to use those expressions to compute the Kähler potential K, we have
In a similar manner we computeQ(Ψ)
Now let us compute the componentθ
We must bare in mind that these expressions are superspace valued i.e. they depend oñ
and their c.c., thus
A similar expression holds forQ(ψ). Recall that x k are the space-time coordinates. In a similar fashion we expand the termχ
∂ψ ρ in terms of the superspace coordinates, so we arrive to the following equatioñ
and a similar expression holds forχ
∂ψ ρ . The expansion of K up to orderθ 2θ2 is given by
This expression is valued on space-time, i.e. it is given in terms of the coordinates x m . Next, we proceed to rearrange this expression in terms of the scalar components
The term in the third line can be rearranged as l,m −∂ i ψ µ l ∂ iψ νm ∂ µ l νm k ij . Employing similar substitutions we get
In previous formula space-time derivatives are denoted by ∂ k = ∂ ∂x k . Next we sum the terms proportional toθ 2θ2 over all the expansion (28) . Let us define the following expressions
Using the previous expressions we rewrite (35) as:
Substituting (39) into (27) we write down explicitly the Lagrangian. The
is given by previous computation. Using expressions (30) and (31) it is easy to compute the twisted superpotential term given explicitly by
Finally the Lagrangian can be written as
The sixth and seventh terms in previous expression combine as −iχμσ
Here the term in parenthesis is the covariant derivative
Plugin in this expression and rewriting the Lagrangian we get the following expression
The auxiliar fields G ν andḠν can be integrated using the Euler-Lagrange equations, thus we havē
Examples
In this Section we present an example taken form [8] which constitutes the building block to study Mirror Symmetry in complete intersection Calabi-Yau varieties. This kind of Lagrangian, in particular the twisted superpotential, also appears when exploring non-Abelian T-dualities in gauged linear sigma models [27] . This is the second example we present, a non-Abelian SU (2) dual model of the U(1) GLSM with CP 1 target space.
Abelian T-dual of a single chiral superfield
Let us start with the Lagrangian
given in terms of the twisted chiral superfield Y . The twisted superpotential from this expression is W = 1 2
(qΣY − Σt + µe −Y ). q denotes the charge of the dual chiral superfield. From the previously developed expressions we compute using equation (36) the Kähler metric and its inverse
where µ, ν, . . . runs over 1, 2 whileμ,ν, . . . over1,2. The index 1 and 2 are identified with the fields σ (scalar component of Σ) and y (scalar component of Y ) respectively, the barred indices are assocciated to their complex conjugates. The Cristoffel symbols can be computed using the expressions (37) and (38). The only non vanishing terms are
The auxiliary fields can be easily computed from expressions (44) and (45) G1 = e 2 (−qy + t),Ḡ2 = − 1 2(y +ȳ)χ2αχ2α + (µe −y − qσ)(y +ȳ), (50)
Thus the contributing terms to the Lagrangian (46) are
Substituting the metric component, the Christoffel symbols and integrating the auxiliary fields the Lagrangian is written as L = 1 2 e 2 (−qȳ +t)(−qy + t)
Recall that the symbols ∂ m represent space-time derivatives. After simplifying, the final Lagrangian for this model is given by
This completes the Abelian-dual Lagrangian to a single chiral superfield U(1) GLSM in [8] , including the fermionic contributions. Recall the fermionic components are given in the twisted notation of Section 2. This action constitutes the building block of the physics proof of Mirror Symmetry [8] for complete intersection Calabi-Yau varieties.
Non-Abelian
In this Subsection we present the calculation of the Lagrangian in components for a non-Abelian SU(2) dual obtained in [27] . This is the building block to dualize the deformed conifold GLSM under the non-Abelian SU(2) × SU(2) global symmetry. The resulting model is a non-Abelian T-dual. The bosonic terms were calculated in [27] . Here we write both the bosonic and fermionic contributions to the Lagrangian. We start with the dual Lagrangian
This depends on the twisted (anti-)chiral superfields Y µ (Ȳ µ ) with µ = 1, 2, 3, the twisted field strength Σ 0 and on semi-chiral real superfields n µ [28, 29] , which for our example calculation we consider to be constant. 4 The twisted chiral superfield has an expansion
The field strength of the U(1) vector superfield V 0 is a twisted chiral superfield and its expansion can be written in a similar fashion as:
In the standard notation for the two dimensional field strength the auxiliary field is given in terms of the D term and the Yang-Mills field strength v 03 by the expression G 0 = D − iv 03 . The metric and the connection in Kähler field space are given by:
This leads to the Lagrangian for fermionic and bosonic components
Recall that fermions are given in our twisted notation; for example the components express asχ
+ ) with α = +, −. Also notice that the coefficients n µ are real, so no complex conjugate of them appears. This matches the non kinetic components obtained for this model in [27] . Auxiliary fields are still not integrated. It is the matter of future work to employ these components in order to study the SU(2) non-Abelian dual model partition functions on the sphere. For this the fermionic components are crucial.
Actions for chiral and twisted chiral
In this Section we compute the Lagrangian of a theory with mixed kinetic terms of chiral and twisted chiral superfields. These are generic Lagrangians in 2D (2, 2) supersymmetric theories. Calculations are involved, so we cite the main result and relegate the formulas including fermions to the Appendix B.
Let us write the chiral superfields expansion [2] :
Notice that in this Section, χ α are the fermionic components for chiral superfields, in contrast we denote byχ α the fermionic components for twisted chiral superfields in (16) . The anti-chiral superfield expansion is given by:
A generic term in the Kähler potential can be written as a sum of powers of chiral Φ ρ , anti-chiralΦ η , twisted chiral Ψ µ and twisted anti-chiralΨ ν superfields. This yields a series expansion as follows:
The indices i, j, m, n denote the number of chiral, anti-chiral, twisted-chiral and twisted anti-chiral superfields. The indices µ k , ν k , ρ k , η k label a given superfield and run from 1 to the total number of the respective superfield. The notation µ means the tuple µ 1 , ..., µ i etc. A generic function for chiral superfields can be expressed as:
This building block has the same structure as the superpotential. Also its conjugate can be written as:
Let us consider the Lagrangian:
which is a single summand of (62). The sum over all terms in the series (62) yields the most generic Lagrangian i.e. L tot = i,j,m,n µ,ν,ρ,η c µ,ν,ρ,η L µ,ν,ρ,η . The extra ingredient is that an arbitrary combination of chiral and twisted chiral superfields can be treated. The other terms in the Lagrangian are in the superpotential (depending only on chiral superfields) or in the twisted superpotential (depending only on twisted chiral superfields). Now we proceed to realize a Taylor expansion in the Grassman variables
In the previous formula P = φ
Notice that P and Q are not the conjugates ofP andQ. The polynomials are evaluated in the corresponding scalar componentes of the Φ's and Ψ's and their complex conjugates. Notice that the greek indices denoting derivarives w.r.t scalars run over the number of chiral, anti-chiral, twisted chiral, twisted-antichiral fields when is applied on P ,P , Q andQ. Next, we define the following scalar variables to simplify the computations
Thus the argument in the integral (67), which gives the Lagrangian, can be written as
Recall the variables on which the superfields depend are the redefined spacetime coordinates X m ,Xm (14) andX m ,Xm (85). On previous expansion we consider only the terms proportional to θ 0 , θ 2 and θ 4 , which are the only ones that contribute to the Kähler potential. Now we proceed to expand the polynomials P,P , Q andQ in terms of the space-time variables using the expressions (14) . Let us take into account that using the chain rule the redefinitions of the kind: PP Q(∂ m ∂ mQ ) = PP Q(∂μ∂νQ)∂ mψμ ∂ mψν can be performed, passing from space-time derivatives to field derivatives. Now substitute X m ,X m (14) andX m ,X m (85), expanding around the space-time coordinates x m . Thus, the terms contributing to the Kähler potential, those are the ones with θ 4 powers in (69):
Let us integrate by parts and arrange one of the contributions from (70). Substituting explicitlyf andḡ, and with the aid of the definition (36) we find
From this expression we will cast the purely bosonic contributions to the Kähler potential. Now we cast the whole sum in (62), using the linearity of the calculation to collect all the terms contributing to a generic Lagrangian (63). Let us consider k = i,j,m,n µ,ν,ρ,η c µ,ν,ρ,η PP QQ as the sum of all terms in the series of the Kähler potential (62) evaluated in the scalars and write the definitions
We have denoted the Kähler metric by k µν . We consider the following convention, the greek indices with a 1 subindex: µ 1 , ν 1 , . . . are related to the chiral scalars component φ. Similarly those related to the twisted chiral scalar component ψ are denoted with greek indices and a subindex 2: µ 2 , ν 2 , . . .. We will denote the greek indices without subindices as ρ = (ρ 1 , ρ 2 ) running over both scalar components of chiral and twisted chiral superfields. The sum of all the terms like (71) can be arranged by using equations (72) i.e. giving for the total Kähler potential K = i,j,m,n µ,ν,ρ,η c µ,ν,ρ,η κ µ,ν,ρ,η , giving
Thus the purely bosonic part (including the auxiliary fields) is given by
These scalar contributions to the Lagrangian reproduce the ones given in [1] . The contributions to the Lagrangian which include fermions from (70) are listed in formula (73) from Appendix B.
Final Remarks
In these notes we develop a method to describe the superspace coordinates in Lagrangians where twisted superfields are present, and we discuss some of the applications. The chosen coordinates allow to obtain all kinetic terms and interactions of arbitrary Lagrangians depending on twisted chiral superfields. We discuss as examples the Abelian T-dual model to a single chiral superfield U(1) GLSM, and the non-Abelian T-dual model to the CP 1 U(1) GLSM. We also apply the technique to study models with both chiral and twisted chiral multiplets. The method developed could be useful in future investigations of T-dualities of Gauged Linear Sigma Models and Mirror Symmetry for target manifolds.
The approach employed consists in treating the twisted chiral superfields Lagrangians analogously to the way chiral superfields Lagrangians are treated. This is intuitive considering the permutation symmetry that exists between both representations. We define superspace coordinates in a convenient scheme, this is the redefined space-time coordinates are annihilated by covariant derivativesD + and D − . This allows to determine the most general twisted superfields expansions. Those modified coordinates allow to perform the expansions of the Kähler potential and twisted superpotential in a sistematic way, collecting all the contributions to the Lagrangian.
We have also considered generic Lagrangian with both twisted chiral and chiral representations. In those calculations we have employed a mixture of both space-time coordinates redefinitions (twisted or not), convenient to perform the expansions of (twisted-) chiral superfields. Such Lagrangians are more exotic. However, when one considers generic gauged linear sigma models in 2D with gauged global symmetries, giving rise to master Lagrangians to explore generic T-dualities [27] , those master Lagrangians posses both: twisted chiral and chiral superfields. Thus even this approach could find eventually an application in the study of two dimensional sigma models.
We intend to apply our results to compute the sphere partition functions of non-Abelian T-duals from gauged linear sigma models [27] . The partition function of the original gauged linear sigma models with chiral superfields has already been studied [10, 12] . The matching of the partition function of the dual models could serve to establish the duality in more solid grounds. In those computations the fermionic components of the action are relevant for the use of supersymmetric localization techniques [10] [11] [12] [13] . The Lagrangian of the dual models depend on twisted chiral superfields, from which we have determined here the fermionic contributions. There could be connections between Mirror Symmetry in non complete intersection Calabi-Yau varieties [21, 25, 26, 30] and non-Abelian T-dualities, where twisted superfields arise. The methods studied here can be used to explore these topics.
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A Notation and Conventions
In this Appendix we set our conventions to denote spinors, superspace coordinates and spinor products which are the same as the one presented in [2] .
The Grassman superspace variables anti-commute which each other i.e. let θ 1 and θ 2 Grassman variables they satisfy θ 1 θ 2 = -θ 2 θ 1 . The fermionic fields and their adjoint conjugates are given by
The component spinors considered are Weyl. The ones with dotted (undotted) indices transform on the (0, , 0)) representation of the Lorentz group. The supersymmetric covariant derivatives are given by
We use Levi-Civitta symbols as
They satisfy the identity ǫ αβ ǫ βγ = δ γ α . Moreover we have the following properties for fermion products ψχ = ψ α χ α = −ψ α χ α ,ψχ =ψαχα = −ψαχα,
Now we define the σ's matrices as follows
1, 2 and 3 are the Pauli matrices. Along this paper we consider the following conventions for products of Grassman superspace coordinates 
recall that k = i,j,m,n µ,ν,ρ,η c µ,ν,ρ,η PP QQ.
